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Abstract. This is an introductory survey on the theory of clas-
sifying spaces for the groupoid structures.

The most important groupoid is the groupoid Γq of germs of
local diffeomorphisms of Rq. Then the classifying space BΓq clas-
sifies the foliations of codimension q.

We review the groupoid of germs of local diffeomorphisms, con-
struction of the classifying space for the groupoid, foliated mi-
crobundles, and some related notions. We state the Mather-Thurston
isomorphism theorem: H∗(BDiffr

c(R
n);Z) ∼= H∗(ΩnBΓ r

n;Z), and
explain its meaning.

We state the theory of existence of foliations by Gromov-Phillips-
Haefliger-Thurston and give a list of known results on the topology
of BΓq. The topology of BΓq turned out to depend on the regu-
larity (differentiability).

We also review the characterization by Segal-Haefliger of the
classifying space for a groupoid structure. This is stated as follows:
(X,F) � BΓF if and only if the holonomy covering of any leaf is
contractible. If we call such foliation typical, the Reeb foliation is
typical. This gives rise a series of question.

1. Groupoid structures

Let Diff(M) be the group of C∞ diffeomorphisms of a manifold M .
Let ΓM denote the set of germs of elements of Diff(M). That is an ele-
ment of ΓM is the equivalence class [f, x] of (f, x), where f ∈ Diff(M),
x ∈ M , and (f0, x0) ∼ (f1, x1) if and only if x0 = x1 and there is a
neighbourhood U of x0 such that f0|U = f1|U . There are well defined
maps s (source) and t (target) : ΓM −→M defined by s([f, x]) = x and
t([f, x]) = f(x). There is a map e in the other direction e : M −→ ΓM

defined by e(x) = [id, x]. There is a topology on ΓM defined so that
a basis of the neighborhoods of [f, x] is given by the set consisting of
sets {[f, y]; y ∈ U} where (f, x) are representatives and U are neigh-
borhoods of x. Then the maps s, t, e are continuous.

Definition 1.1. A topological groupoid is a small topological category
such that all morphisms are invertible.
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Here “small category”means there are the set Obj of objects, the set
Mor of morphisms, and maps s, t : Mor −→ Obj , e : Obj −→ Mor with
appropriate properties. “Topological”means s, t, e, the composition
and the inversion are continuous. For a morphism γ, it makes the life
easier if we write an arrow as

t(γ)
γ←− s(γ) .

Since the set of objects are identified with the set of identity morphisms,
the set Γ = Mor of morphisms stands for the groupoid.

Example 1.2. Obj = M , Mor = ΓM .

f(x)
[f, x]←−−−− x

Example 1.3 (Covering groupoid). Let U = {Ui}i∈I be an open cov-
ering of M . Put Obj =

⊔
Ui and Mor = ΓU = {(x, i, j) ; i, j ∈ I, x ∈

Ui ∩ Uj ⊂ M .

(x ∈ Ui)
(x, i, j)←−−−−− (x ∈ Uj)

The composition is defined as (x, i, j)(x, j, k) = (x, i, k).

Quiz 1.4. For a set E, we have the binal (pair, coarse) groupoid de-

fined by Obj = E, Mor = E × E, i
(i, j)←−−−− j and (i, j)(j, k) = (i, k).

Then a “kernel” of the homomorphism (functor) ΓU −→ M is a binal
groupoid.

Definition 1.5. For a (topological) groupoid Γ , a Γ structure of (M,U)
is a (topological) groupoid homomorphism (a functor) Φ : ΓU −→ Γ .

Then it is natural to define a Γ structure on M to be an equivalence
class of homomorphisms Φ : ΓU −→ Γ , where the homomorphisms are
equivalent if they induces the same homomorphism for a refined open
covering.

Quiz 1.6. A continuous map f : M −→ N induces a functor between
covering groupoids. Hence a Γ structure H on N induces the pullback
f ∗H on M .

We will see that a Γ -structure Φ : ΓU −→ Γ induces the “classifying”
map BΦ : BΓU −→ BΓ , where BΓU is homotopy equivalent to M .

2. Foliations and groupoid structures

Let Γ r
q denote the groupoid of germs of Cr diffeomorphisms of Rq. By

definition a Γ r
q structure of (M,U) is a homomorphism Φ : ΓU −→ Γ r

q .
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If we write down the objects of groupoids, it is given by a family of
(structural) continuous maps.

ΓU
Φ−→ Γ r

q��� ���⊔
Ui −→

f
Rq .

Put γx
ij = Φ(x, i, j) and f |Ui = fi. In the covering groupoid, we have

(x ∈ Ui)
(x, i, j)←−−−−− (x ∈ Uj)

and the image of this morphism is

fi(x)
γx

ij←−− fj(x).

The usual definition of Γ r
q structure is given by {Ui, fi, γ

x
ij}i,j∈I satis-

fying the cocycle condition γx
ijγ

x
jk = γx

ik. The cocycle condition is just
the functoriality of Φ.

Now the definition of a foliation is as follows.

Definition 2.1. A codimension q, Cr foliation of M is a Γ r
q structure

such that fi : Ui −→ Rq are the submersions.

Submersions are differentiable maps with Jacobians being maximal
rank (usually = q).

3. Classifying spaces for groupoid structures

Now we explain how to associate a space for a topological groupoid.
We follow Segal’s fat realization construction. Another method is Mil-
nor’s infinite join construction.

For a groupoid Γ , put Γ (0) be the set of objects X or the set of
identity morphisms in Γ , Γ (1) = Γ , Γ (n) be the n-tuple (γ1, . . . , γn)
such that γi−1 and γi are composable (s(γi−1) = t(γi)). It is worth
thinking the following sequence as an element of Γ (n):

x0
γ1←−− x1

γ2←−− x2 ←−− · · · ←− xn−1
γn←−− xn.

These Γ (n) are related by the face maps ∂i.

Γ (0) ←−←− Γ (1) ←−←−←− Γ (2) ←−←−←−←−
Γ (3) ←−←−←−←−←−
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For γ ∈ Γ (1) = Γ , put ∂0(γ) = s(γ) and ∂1(γ) = t(γ). We define the
face maps for n ≥ 2 as follows:

∂i(γ1, . . . , γn) = (γ1, . . . , γiγi+1, . . . , γn) (i = 1, . . . , n)
∂0(γ1, . . . , γn) = (γ2, . . . , γn)
∂n(γ1, . . . , γn) = (γ1, . . . , γn−1)

Then the space BΓ is defined as follows.

Definition 3.1.

BΓ =
⊔
n

Γ (n) ×�n/ ∼,

where �n is the standard n simplex. By using the i-th face map δi :
�n−1 −→ �n (i = 0, . . . , n), the equivalence ∼ is defined by

Γ (n−1) ×�n−1 � ∂iσ × u ∼ σ × δiu ∈ Γ (n) ×�n

for σ ∈ Γ (n) and u ∈ �n−1.

The points of (γ1, . . . , γn)×�n are understood as the points in the
simplex with longest sequence of edges being named as (γ1, . . . , γn).

γ3γ3γ3

γ1γ2

γ1γ2γ3

γ3γ3γ3

γ2

γ1

γ2γ3

γ1γ2

γ1γ2γ3

∂1(γ1, γ2, γ3)×�2 (γ1, γ2, γ3)×�3

= (γ1γ2, γ3)×�2

The topology of the space BΓ is the quotient topology induced from
the topology of

⊔
Γ (n) × �n. (We recommend not to seriously think

about it.)
Now for the homomorphism Φ : ΓU −→ Γ , we obtain the induced

map BΦ : BΓU −→ BΓ . We notice that BΓU is homotopy equivalent
to M .
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Quiz 3.2. What is a fiber of the map BΦ : BΓU −→ M? How is it
contractible?

There is a Γ structure on BΓ . The simplex �n has the barycentric
subdivision bs�n. By gathering the simplices of bs�n adjacent to
one of the vertices of �n, we see that �n is covered by n + 1 cubes
{Ck}k=0,...,n. By enlarging these cubes a little, we have an open cover
of

⊔
Γ (n) ×�n. We define the maps

(γ1, . . . , γn)× Ck �−→ t(γk+1) = s(γk) and
(γ1, . . . , γn)× (Cj ∩ Ck) �−→ γj+1 . . . γk

for j ≤ k. Then these defines the Γ structure on BΓ .

γ3γ3γ3

γ1γ2

γ1γ2γ3

γ3γ3γ3

γ2

γ1

γ2γ3

γ1γ2

γ1γ2γ3

Quiz 3.3. How are Ck? How is the pullback by BΓU −→ BΓ?

Why is BΓ called the classifying space? What does it classifies?
Classifying means the homotopy class of maps to the space corresponds
bijectively to an isomorphism class of something. For example the
isomorphism class of real vector bundles are classified by the homotopy
class of maps to BO(n). For the Γ structures in general, the classifying
space BΓ only classifies the homotopy class of Γ structures. It looks
an ultra tautological statement!

Anyway, we define the homotopy of Γ structures by declaring that
the restrictions to M ×{0} and M ×{1} of a Γ structure on M × [0, 1]
are homotopic.

Then we have the following obvious theorem.

Theorem 3.4. The set of homotopy classes of Γ structures on M is
in bijective correspondence with [M,BΓ ].
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As is already explained, codimension q, Cr foliations are Γ r
q struc-

tures. Hence they are classified by Haefliger’s classifying space BΓ r
q .

In fact, the classifying spaces have been very useful in classifying the
foliations of open manifolds up to integrable homotopy by Haefliger
and the foliations of closed manifolds up to concordance by Thurston.

4. Foliated microbundle

In order to say something about foliations, we need to associate a
foliated space to a Γ r

q structure. A Γ r
q structure is given by the ho-

momorphism ΓU −→ Γ r
q , that is, {Ui, fi, γ

x
ij}i,j∈I satisfying the cocycle

condition γx
ijγ

x
jk = γx

ik. It is easier to think about a good finite cover
U for a compact manifold M and take a finite set of representatives
{γij}. Notice that we are omitting x. Consider

⊔
i Ui ×Rq/ ∼, where

the identification is given by ((x ∈ Ui), yi) ∼ ((x ∈ Uj), yj) if yi = γijyj.
There should be some inconvenience for a point x ∈ Ui∩Uj∩Uk, where
γijγjk = γik holds only in a neighborhood of fk(x). Hence we consider
the graph {(x, fi(x))} ⊂ Ui ×Rq of fi and think of the space obtained
from the union of neighborhoods of these graphs by the identification.
This space (germinally well defined) is called foliated microbundle as-
sociated to the Γ r

n structure. This space is an open manifold E with
foliation induced from the horizontal foliations on Ui × Rq. It is im-
portant to notice that there are a projection p : E −→M given by the
projections to the first factor and a map s : M −→ E defined from the
graphs of fi. Thus we have another obvious theorem.

Theorem 4.1. For a Γ r
n structure H on M , there exists a foliated

space (E,FH) (a foliated microbundle) and maps
E

p
��s
M

such that

p ◦ s = idM and s∗F = H.

Quiz 4.2. The normal bundle of the section s(M) is defined by the

homomorphism, Γ r
q −→ GL(q; R) which maps γ(x)

γ←− x to ∗ Dγ←−− ∗.
Quiz 4.3. The topological groupoid G with only one object ∗ is the
topological group. What is a group structure over a space M ?

Quiz 4.4. For a codimension q, Cr foliation F of M , let νF denote
the normal bundle of the foliation. Taking a Riemannian metric on
M , we have the exponential map Exp : νF −→ M . Then (E,FF) is
isomorphic to (νF ,Exp∗F).
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5. Theorem of existence of foliations

Since the normal bundles of homotopic Γ r
q structures are isomorphic,

the normal bundle νH of a Γ r
q structure H on M homotopic to a

foliation is isomorphic to a subbundle of the tangent bundle TM of M .
The converse is the theorem of existence of foliations by Gromov-

Phillips-Haefliger-Thurston.

Theorem 5.1. For a Γ r
q structure H on M , assume that the normal

bundle νH is isomorphic to a subbundle of the tangent bundle of M .
Then there exists a foliation F of M which is homotopic to H as Γ r

q

structure.

The proof starts from the foliated microbundle (E,FH). If one can
deform the section s by homotopy in E so that the new section is
transverse to FH, then the theorem is proved. If it is not easy to do
so, we modify FH and try to make s transverse again.

Quiz 5.2. What is the relative version of the above theorem? How the
relative version of the theorem leads to the theorem of classification of
foliations up to concordance?

6. Foliated bundles and foliated products and

Mather-Thurston theory.

A rich source of foliations is the representation in transformation
group, that is, foliated bundles and foliated products.

For a manifold M , Diff(M) denotes the group of diffeomorphisms of
M . For a connected manifold N and a homomorphism h : π1(N) −→
Diff(M), we can associate the space E = Ñ ×M/π1(N), where α ∈
π1(N) acts on Ñ×M by the covering transformations and through the
homomorphism h: α(ũ, x) = (αũ, h(α)(x)). Then E has the foliation

F induced from the horizontal foliation of Ñ ×M . (E,F) is a foliated
M bundle over N . The homomorphism h is called the global holonomy.

Quiz 6.1. Foliations of an M bundle over N transverse to the fibers
are foliated M bundles.

Quiz 6.2. This foliated M bundle structure can be viewed as a group
structure on N , where the group is Diff(M) with the discrete topol-
ogy, denoted by Diff(M)δ. This structure has the classifying space
BDiff(M)δ.

Example 6.3. The Anosov foliations associated with the negatively
curved closed manifolds are foliated bundles.
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Quiz 6.4. For the group Diffr(M) of Cr diffeomorphisms of M (r ≥ 1),
the composition (f1, f2) �−→ f1f2 is smooth in the first factor. For a
Cr foliated M bundle (E,F) over a smooth manifold N , leaves of F
are smooth submanifolds of E (by changing by a Cr isotopy). For a
Cr foliation of a manifold N , thinking about the foliated microbundle
and the pull back by the section s, leaves of the foliations are smooth
submanifolds of the manifold N (by changing by a Cr isotopy).

Definition 6.5. A foliate product is a foliated bundle with the total
space E identified with N ×M .

The classifying space for the foliated products is constructed explic-
itly.

Let us consider the set all foliated M product structures over the
standard n-simplex �n, that is the foliations of �n × M transverse
to the fibers of the first factor projection. Since the restrictions of
a foliated M product structure over �n to its faces are foliated M
product structures over �n−1, there is a natural way to identify the
disjoint union of all foliated M product structures over the standard
n-simplex �n for n ∈ Z≥0. Then we obtain a foliated M product over
a certain space, which is the classifying space for them. The classifying
space is denoted by BDiff(M).

Quiz 6.6. There is a bijective correspondence between the set of all
foliated M product structures over the standard n-simplex �n and
Map(�n,Diff(M))/Diff(M). σ : �n −→ Diff(M) determines the
foliation on �n × M whose leaf passing through (t, x) is given by
{(s, σ(s)(σ(t))−1(x)) ; s ∈ �n}.
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Quiz 6.7. For a foliated M product over the standard n-simplex �n,
we can consider its subdivision in the direction of the base space �n.
Observe that, after a fine subdivision, the restriction of the foliated
product over one of the simplices is much closer to the horizontal foli-
ation if we rescale the simplex as the standard simplex.

Quiz 6.8. Foliated product structure is homotopically a group struc-
ture. The group G is given as follows: an element of G is a diffeo-
morphism f1 with the class of an isotopy [ft] from the identity. The
composition is given by [ft][gt] = [ftgt].

Recall that the foliated microbundles look like foliated bundles be-
cause the foliations are transverse to the fiber of projections. The
difference is that the global holonomy is not defined. One can try to
embed the foliated microbundle in a foliated bundle.

It can be done in some special cases (codimension 1 foliations without
holonomy, analytic foliations with holonomy being the restrictions of
global analytic diffeomorphisms, in particular, transversely geometric
foliations). In the differentiable case, one can do in a partial way.

Theorem 6.9 (Mather-Thurston).

H∗(BDiffr
c(R

n); Z) ∼= H∗(ΩnBΓ r
n; Z).

Quiz 6.10. What is the map BDiffr
c(R

n) −→ ΩnBΓ r
n ?

BΓ r
n is the classifying space for the Γ r

n structures with trivialized
normal bundles. It is better to think that this space classifies the Γ r

n

structures over N with foliated microbundles embedded in N ×Rn.
The group Diffr

c(R
n) is the group of diffeomorphisms of Rn with

compact support. That is, its element is the identity outside a certain
compact set. The space BDiffr

c(R
n) is the union of all foliated Rn prod-

ucts with compact support over the simplices. They are perturbations
of the horizontal foliation in compact subspaces.

A cheap way to understand Mather-Thurston’s theorem for the codi-
mension 1 foliations on 3-manifold N is as follows: The foliated mi-
crobundle is embedded in N ×R and the section s is to {0}×R. Take
a sufficiently fine Heegaard splitting of N .

N = Hg ∪Σ2g H
′
g.

If we look at the foliated microbundle restricted over Hg, its local ho-
lonomy germs near 0 can be prolonged as diffeomorphisms near [−1, 0]
identity near −1. We do this for the generators of π1(Hg). In the
same way, the local holonomy germs near 0 of the foliated microbun-
dle restricted over H ′

g can be prolonged as diffeomorphisms near [0, 1]
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identity near 1. Then, on the foliated microbundle restricted over Σ2g

is embedded in a foliated [−1, 1] product. Moreover the zero section
s is homologous to Σ2g × [−1, 1] in the homology relative to the part
with horizontal foliations (Hg × {−1} ∪H ′

g × {1}).
Mather-Thurston’s theorem says that when the foliated microbun-

dle is embedded in N × Rn, we can deform the foliation so that the
leaves are horizontal in a large part and the section s is homologous to
the total space of foliated product relative to the part with horizontal
foliations.

The key for introducing a large horizontal part is the following frag-
mentation.

First we look at fragmentation for foliated products. For a perturba-
tion of the horizontal foliation of�n×M , we can perform the following
fragmentation operation.

Let {µi}i=1,...,K be a partition of unity for M . Put νj =
∑j

i=1 µi.
Put K · �n = {(u1, . . . , un) ∈ Rn ; K ≥ u1 ≥ · · · ≥ un ≥ 0} and
�n = 1 · �n. Define a map K · �n ×M −→ �n ×M by

((u1, . . . , un), x) �−→ ((v1, . . . , vn), x),

where vi = ν[ui](x) + (ν[ui]+1(x)− ν[ui](x))(ui − [ui]). This map is level
preserving and if a foliation F is sufficiently close to the horizontal
foliation this map is transverse to the foliation. Hence the pull back is
a foliation.

−→

For a foliated M -product over N , we take a triangulation by an
ordered complex and apply the fragmentation to each ordered simplex
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simultaneously. Note that the fragmentation commutes with the face
maps in ordered simplices.

Quiz 6.11. How is the support of the pullback foliation over [i1 −
1, i1]× · · · × [in − 1, in]?

The fragmentation is homotopic to the map

(1/K)× id : ((u1, . . . , un), x) �−→ ((u1/K, . . . , un/K), x),

for which the pull back just changes the parametrization in the base
direction. In other words, the fragmented foliated product structure
over N is homotopic to the original foliated product structure.

The fragmentation homotopy can be applied to foliated microbundles
which are embedded in N×Rn. We are assuming that N is triangulated
as an ordered simplicial complex. Then we have fragmented foliated
microbundle over N . We see that most of the part of N×Rn is foliated
horizontally.

However we need a lot more argument to say that the section s is
homologous to the total space of a foliated Rn product with compact
support.

Now consider how one can do with the section s : N −→ N×Rn. On
the dual cell decomposition, over the cells of dimension dimN dual to
the vertices the section s can be deformed by homotopy to horizontal
sections to the part foliated horizontally. Over the cells dual to the
edges, the sections defined over the cells dual to the vertices can be
joined by edges along the fiber. Then we look at the part over the
cells dual to the 2-simplices and find 2-simplices along the fiber filling
the defined edges along the fiber, . . . . One can find (n− 1)-simplices
along the fiber over the cells dual to (dimN−n+1)-simplices which are
in the part foliated horizontally. We need to understand the situation
over the cells dual to (dimN − n)-simplices. There we find foliated
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Rn products with support in n-simplices. This is only the beginning
of the argument. We need to look at the situation over the cells dual
to (dimN − n − 1)-simplices, and we find that foliated Rn products
with different supports are attached along the fiber, and then over the
cells dual to (dimN − n − 2)-simplices, the life is more complicated,
. . . . This argument would help a little to understand why the proof
in [7] begins with looking at attaching foliated products with different
supports along the fiber.

We have some hope to understand the classifying space for other
transitive groupoids in a similar way.

For BΓ vol
n , there are a pile of works by McDuff, Hurder, . . . . For

BΓ symplect
2n , see the works by Banyaga for a few known facts. Almost

nothing is known for BΓ contact
2n−1 .

7. Topology of the classifying spaces BΓ

The topology of classifying spaces BΓ or BΓ is now important. The
cohomology classes of BΓ r

q or BΓ r
q are the characteristic classes of

foliations and they give rise to cobordism invariant. We give a partial
list of known results. The results for BΓ r

n (r ≤ ∞) is obtained by
using Mather-Thurston’s theorem. So if the universal covering group

D̃iffr
c(R

n)0 of the connected component of the identity of Diffr
c(R

n) is
a perfect group, H1(BDiffr

c(R
n); Z) = 0 and BΓ r

n is n + 1-connected.

• BΓ ω
1 is a K(π, 1)-space (Haefliger),
H1(BΓω

1 ; Z) = 0,
H2(BΓω

1 ; Z) =?,
H3(BΓω

1 ; Z) ≥ R (Godbillon-Vey, Thurston), . . . .
• BΓC

n is n + 1-connected (Adachi).
• BΓ r

n is n-connected.
• BΓ r

n is n + 1-connected (r �= n + 1) (Mather).
• BΓ 0

n, BΓL
n , BΓ 1

n is contractible.
• The connectivity of BΓ r

n increases as r ↘ 1.
• π2n+1(BΓ r

n) ≥ R (r > 2−1/(n+1)). (The theory of characteristic
classes for the foliations by Gelfand-Fuks, . . . .)
• The cohomology of BΓ area

2 is studied by Gelfand-Kalinin-Fuks,
Metoki, . . . .
• The cohomology of BΓC

n is studied by Asuke.
• BΓ PL

n

BΓ PL
1 � BRδ ∗ BRδ (Greenberg).

BΓ PL
2

vol ??
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8. Foliations and groupoid

Recall that for a codimension q foliation F on a closed manifold
M , we have the homomorphism Φ : ΓU −→ Γ r

q . We can look at
the subgroupoid of Γ r

q generated by the image of this homomorphism.
These should be finitely generated or compactly generated groupoids.
The notion of finitely generated or compactly generated groupoids is
studied by Haefliger, Ghys, Meigniez and others.

Problem by Haefliger: Is a finitely generated groupoid with compact
section a groupoid associated with a foliation on a compact manifold ?

• The action of a compact group or a nilpotent group on itself.
• Lie foliations (Ghys).
• Solvable groups, eg. Aff(1) (Meigniez).
• SL(2; R) ??

There is a characterization of the classifying space for Γ structure.

Theorem 8.1 (Segal-Haefliger). Let (X,F) be a foliation on a com-
pact manifold. Let ΓF denote the groupoid associated with F . Then X
is homotopy equivalent to the classifying space BΓF for the groupoid
ΓF if and only if the holonomy covering of any leaf is contractible.

The holonomy covering L̃ of a leaf L of F is the covering space cor-
responding to the kernel of the holonomy homomorphism π1(L) −→
Diff(Rq, 0), where Diff(Rq, 0) denote the group of germs of local dif-
feomorphism of neighborhoods of 0.

We have the following constructions.
Foliation F on M ❀ Groupoid ΓF ❀ Classifying space BΓF
Now the question is the following.

Problem. Is BF : M −→ BΓF a homotopy equivalence?

Definition 8.2. A typical foliation is a foliation which is the classify-
ing space for itself.

There are works by Salem, Gusmão, . . . . One can also ask whether
BF induces the isomorphism in π1, . . . .

Example 8.3.
• Flows are generically typical.
• The Reeb foliations on S3 are typical.
• Foliation by planes on T 3 are typical.
• Anosov foliations are typical.
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Quiz 8.4. Which 3-manifold admits typical codimension 1 foliations?

Quiz 8.5. Depth 1 foliations are usually not typical. Which are the
typical foliations of depth 1?

Proposition 8.6. There exist typical codimension 1 foliations on graph
manifolds.

Quiz 8.7. How about typical foliations with singularity?
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